We use the physically-consistent tilted spatially-flat and non-flat ΛCDM inflation models to constrain cosmological parameter values with the Planck 2015 cosmic microwave background (CMB) anisotropy data and recent Type Ia supernovae measurements, baryonic acoustic oscillations (BAO) data, growth rate observations, and Hubble parameter measurements. The most dramatic consequence of including the four non-CMB data sets is the significant strengthening of the evidence for non-flatness in the non-flat ΛCDM model, from 1.8σ for the CMB data alone to 5.1σ for the full data combination. The BAO data is the most powerful of the non-CMB data sets in more tightly constraining model parameter values and in favoring a spatially-closed Universe in which spatial curvature contributes about a percent to the current cosmological energy budget. The non-flat ΛCDM model better fits the large-angle CMB temperature anisotropy angular spectrum and is more consistent with the Dark Energy Survey constraints on the current value of the rms amplitude of mass fluctuations (σ 8 ) as a function of the current value of the nonrelativistic matter density parameter (Ω m ) but does not provide as good a fit to the smaller-angle CMB temperature anisotropy data as does the tilted flat-ΛCDM model. Some measured cosmological parameter values differ significantly between the two models, including the reionization optical depth and the baryonic matter density parameter, both of whose 2σ ranges (in the two models) are disjoint or almost so.
INTRODUCTION
In the standard spatially-flat ΛCDM cosmogony (Peebles 1984 ) the cosmological constant Λ dominates the current energy budget, cold dark matter (CDM) and baryonic matter are the second and third biggest contributors to the cosmological energy budget now, followed by small contributions from neutrinos and photons. For reviews of this model, see Ratra & Vogeley (2008) , Martin (2012) , and Huterer & Shafer (2017) . Many different observations are largely consistent with the standard picture, including CMB anisotropies data (Planck Collaboration 2016), BAO distance measurements (Alam et al. 2017) , Hubble parameter observations (Farooq et al. 2017) , and Type Ia supernova (SNIa) apparent magnitude data (Betoule et al. 2014) . However, there still is room for mild dark energy dynamics or a bit of spatial curvature, among other possibilities.
The standard model is characterized by six cosmological parameters that are conventionally taken to be: Ω b h 2 and Ω c h 2 , the current values of the baryonic and cold dark matter density parameters multiplied by the square of the Hubble constant H 0 (in units of 100 km s −1 Mpc −1 ); θ MC , the angular diameter distance as a multiple of the sound horizon at recombination; τ , the reionization optical depth; and A s and n s , the amplitude and spectral index of the (assumed) power-law primordial scalar energy density inhomogeneity power spectrum (Planck Collaboration 2016) . The standard model assumes a flat spatial geometry (Planck Collaboration 2016) .
However, using a physically consistent non-flat inflation model power spectrum of energy density inhomogeneities (Ratra & Peebles 1995; Ratra 2017) , Ooba et al. (2017a) recently found that Planck 2015 CMB anisotropy measurements (Planck Collaboration 2016) do not require flat spatial geometry in the six parameter non-flat ΛCDM model. In the non-flat ΛCDM model, compared to the flat-ΛCDM model, there is no simple tilt option so n s is no longer a free parameter and is replaced by the current value of the spatial curvature density parameter Ω k .
3
In non-flat models non-zero spatial curvature sets the second, new length scale. This is in addition to the Hubble length scale. As a result in non-flat models it is incorrect to assume a power-law power spectrum for energy density inhomogeneities (as was done in the earlier analyses of Planck Collaboration 2016). Inflation provides the only known way to define a physically consistent non-flat model power spectrum. For open spatial geometry the open-bubble inflation model of Gott (1982) is used to compute the non-powerlaw power spectrum (Ratra & Peebles 1994 . 4 For closed spatial geometry Hawking's prescription for the quan- 3 The CMB anisotropy data also do not require flat spatial geometry in the seven parameter non-flat XCDM inflation model (Ooba et al. 2017b; Park & Ratra 2018a) . Here the equation of state relating the pressure and energy density of the dark energy fluid is p X = w 0 ρ X and w 0 is the additional, seventh, parameter. XCDM is often used to model dynamical dark energy but is not a physically consistent model as it cannot describe the evolution of energy density inhomogeneities. Also, XCDM does not accurately model φCDM dark energy dynamics . In the simplest, physically consistent, seven parameter non-flat φCDM inflation model (Pavlov et al. 2013 ) -in which a scalar field φ with potential energy density V (φ) ∝ φ −α is the dynamical dark energy and α > 0 is the seventh parameter that governs dark energy evolution -Ooba et al. (2017c) again found that CMB anisotropy data do not require flat spatial hypersurfaces (also see Park & Ratra 2018b) . (In both the non-flat XCDM and φCDM cases, ns is again replaced by Ω k .) 4 For early discussions of observational consequences of the open inflation model, see Kamionkowski et al. (1994) , Górski et al. (1995) , and Górski et al. (1998) . tum state of the universe (Hawking 1984; Ratra 1985) can be used to construct a closed inflation model that can be used to compute the non-power-law power spectrum of energy density inhomogeneities (Ratra 2017) .
Non-CMB observations, even combinations thereof to date, do not rule out non-flat dark energy models (see, e.g., Farooq et al. 2015; Cai et al. 2016; Chen et al. 2016; Yu & Wang 2016; L'Huillier & Shafieloo 2017; Farooq et al. 2017; Li et al. 2016; Wei & Wu 2017; Rana et al. 2017; Yu et al. 2018; Mitra et al. 2017; Ryan et al. 2018) . The most restrictive constraints on spatial curvature come from CMB anisotropy measurements, but, as shown by Ooba et al. (2017a) , when the correct non-power-law power spectrum for energy density inhomogeneities is used for the CMB anisotropy analyses, a spatial curvature density parameter contribution of magnitude a percent or two is still allowed, with the CMB anisotropy data (Planck Collaboration 2016) favoring a mildly closed model. Ooba et al. (2017a) also added a few BAO distance measurements to the mix and found that a mildly closed model was still favored. Moreover, the mildly closed model better fits the observed low-CMB temperature anisotropy multipole number ( ) power spectrum C and was more consistent with rms fractional energy density inhomogeneity averaged over 8h
Mpc radius spheres, σ 8 , current values determined from weak lensing observations, although the flat-ΛCDM model better fits the observed higher-C 's.
In this paper we examine the constraints on the non-flat ΛCDM inflation model that result from a joint analysis of the Planck 2015 CMB anisotropy data (Planck Collaboration 2016), the Joint Light-curve Analysis (JLA) SNIa apparent magnitude measurements (Betoule et al. 2014) , and all reliable BAO distance, growth factor, and Hubble parameter measurements to date. We also perform a similar analysis for the tilted flat-ΛCDM inflation model.
The main purposes of our analyses here are, firstly, to examine the effect that the inclusion of a significant amount of reliable, recent, non-CMB data has on the finding of Ooba et al. (2017a) that the Planck 2015 CMB anisotropy observations and a handful of BAO distance measurements are not inconsistent with the closed-ΛCDM inflation model, and, secondly, to use this large new compilation of reliable non-CMB data to examine the consistency between the cosmological constraints of each type of data and to more tightly measure cosmological parameters than has been done to date.
Our main findings here are that our carefully gathered compilation of cosmological observations, the largest to date, does not require flat spatial hypersurfaces, with the non-flat ΛCDM inflation model in which spatial curvature contributes about a percent to the current cosmological energy budget being more than 5σ away from flatness; the non-flat model better fits the low-CMB temeperature anisotropy C 's as well as the weak lensing constraints in the σ 8 -Ω m plane, while the tilted flat-ΛCDM model is more consistent with the higher-C 's; H 0 is robustly measured in an almost model-independent manner and the value is consistent with most other measurements; and some measured cosmological parameter values, including those of Ω b h 2 , τ , and Ω c h 2 , differ significantly between the two models and so care must be exercised when utilizing cosmological measurements of such parameters. This paper is organized as follows. In Sec. 2 we describe the cosmological data sets we use in our analyses. In Sec. 3 we summarize the methods we use for our analyses here. The observational constraints resulting from these data for the tilted flat-ΛCDM and the non-flat ΛCDM inflation models are presented in Sec. 4. We summarize our results in Sec. 5.
2. DATA 2.1. Planck 2015 CMB anisotropy data We use the Planck 2015 TT + lowP and TT + lowP + lensing CMB anisotropy data (Planck Collaboration 2016). Here TT represents the low-(2 ≤ ≤ 29) and high-(30 ≤ ≤ 2508; PlikTT) Planck temperature-only C T T data and lowP denotes low-polarization C T E , C EE , and C BB power spectra measurements at 2 ≤ ≤ 29. The collection of low-temperature and polarization measurements is denoted as lowTEB. For CMB lensing data we use the power spectrum of the lensing potential measured by Planck.
JLA SNIa data
We use the JLA compilation of 740 SNIa apparent magnitude measurements released by the SDSS-II and SNLS collaborations (Betoule et al. 2014) . The JLA data set is composed of several low-redshift SNIa (z < 0.1) and higher redshift samples from the SDSS-II (0.05 < z < 0.4) and SNLS (0.2 < z < 1).
BAO data
The anisotropy of BAO features in the line-of-sight and the transverse directions enable us to constrain both the Hubble parameter H(z) and the comoving angular diameter distance
where D A is the physical angular diameter distance at redshift z. The radius of the sound horizon at the drag epoch z d is
where c s (z) is the sound speed of the photon-baryon fluid. Because the size of the sound horizon r d depends on the cosmological model and the energy contents, the BAO features in the large-scale structure actually constrain D M (z)/r d and H(z)r d . We use the recent, more reliable BAO distance measurements from the 6dF Galaxy Survey (6dFGS) (Beutler et al. 2011) , the Sloan Digital Sky Survey (SDSS) Data Release 7 (DR7) main galaxy sample (MGS) , the Baryon Oscillation Spectroscopic Survey (BOSS) DR12 galaxies (Alam et al. 2017) , the eBOSS DR14 QSO's (Ata et al. 2018) , and the BOSS DR11 and DR12 Lyα forest (FontRibera et al. 2014; Bautista et al. 2017) , 15 points in total, which are summarized in Table 1 . 5 We call this collection of BAO measurements 'NewBAO' to distinguish it from the earlier BAO data compilation (which we call 'BAO') of 6dFGS (Beutler et al. 2011) , BOSS LOWZ and CMASS (Anderson et al. 2014) , and SDSS MGS ) BAO distance measurements, used in the analyses of Planck Collaboration (2016) and Ooba et al. (2017a,b,c) .
For BAO data provided by Alam et al. (2017) , we include the growth rate ( f σ 8 ) data in our BAO (and not in our growth rate) analyses here, to be able to properly account for the correlations in the Alam et al. (2017) measurements. For the SDSS DR7 MGS and BOSS DR11 Lyα forest (Font-Ribera et al. 2014 ) measurements, we use the probability distributions of the BAO data points, instead of using Alam et al. (2017) and Ata et al. (2018) , and r d,fid = 148.69 Mpc in Ross et al. (2015) .
the Gaussian approximation constraints. Bautista et al. (2017) provide one BAO parameter D 0.7
where c is the speed of light. Font-Ribera et al. (2014) provide BAO parameters (D H /r d and D A /r d ) measured from the cross-correlation between QSO and Lyα forest data. They actually provide the probability distribution of parameters that describe shifts of the BAO peak position with respect to the fiducial cosmology in perpendicular and parallel directions to the line-of-sight,
The angle-averaged shift and the ratio of the two α parameters can be converted into the angle-averaged version of the distance scale
and the Alcock-Paczynski parameter
For the BAO data of Alam et al. (2017) , instead of using D M (r d,fid /r d ) and H(r d /r d,fid ), we actually transform these into D V /r d and F AP and also use their growth rate f σ 8 measurements and account for correlations (data publicly available at the BOSS website).
2.4. Hubble parameter data Hubble parameter measurements can be used to constrain dark energy parameters, as well as other cosmological parameters, including the spatial curvature of the Universe (see e.g., Farooq et al. 2017) . 6 Here we adapt and use a recent Hubble parameter measurement compilation to constrain both the 6 Early developments include Samushia & Ratra (2006) , Samushia et al. (2007) , and Chen & Ratra (2011b) ; recent work includes Tripathi et al. Table 2 lists all more reliable recent measurements of the Hubble parameter at various redshifts (with 31 data points in total).
7 See Farooq et al. (2017) and Yu et al. (2018) for discussions about how these data were selected. 8 2.5. Growth rate data The growth rate is defined as
where a is the scale factor, D(a) is the amplitude of the matter density perturbation, and f ≈ Ω
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m for the ΛCDM model. Information on the growth rate is derived from the peculiar velocities of galaxies. The peculiar velocities can be obtained from the redshift space distortion information imprinted in the large-scale structures of galaxy redshift surveys. The growth rate measurement is sometimes given in terms of β = f /b, where b is the bias parameter that relates the galaxy density perturbation to the matter one via δ g = bδ m . Since the β parameter strongly depends on the bias parameter, the combination f (z)σ 8 (z) is more widely used to quantify the growth rate of the matter density perturbation. Here the rms of density fluctuations within a sphere of 8 h −1 Mpc radius is represented by σ 8 for the mass and σ 8,g for the galaxy distributions. These are related through σ 8 = σ 8,g /b and f σ 8 = βσ 8,g . The rms mass (2017), Lonappan et al. (2017) , Rezaei et al. (2017) , Magana et al. (2017) , Anagnostopoulos & Basilakos (2017) , Yu et al. (2018), and Cao et al. (2018) . We note that there are many different H(z) compilations discussed in the literature. Unfortunately a significant fraction of these include non-independent or unreliable measurements.
7 Table 2 does not list radial or line-of-sight BAO H(z) measurements; these are instead listed in Table 1 . 8 The redshift range over which the Hubble parameter has been measured encompasses the redshift of the cosmological deceleration-acceleration transition in the standard cosmological model. This transition is between the earlier nonrelativistic-matter-powered decelerating cosmological expansion and the more recent dark-energy-driven accelerating cosmological expansion. This transition redshift has recently been measured and is at roughly the value expected in the standard ΛCDM and other dark energy models (Farooq & Ratra 2013; Moresco et al. 2016; Farooq et al. 2017) . (2015) fluctuation at epoch a is
where the subscript 0 indicates the present epoch. In the following we denote the present value σ 8,0 as σ 8 for simplicity. Table 3 lists all more reliable recent measurements of growth rate f (z)σ 8 (z) at various redshifts, 10 points in total. As already noted, the three growth rate data points of Alam et al. (2017) are included in the collection of BAO data points in order to properly account for correlations between these BAO and growth rate data points.
3. METHODS 3.1. Model computations We use the publicly available CAMB/COSMOMC package (version of Nov. 2016) (Challinor & Lasenby 1999; Lewis et al. 2000; Lewis & Bridle 2002) to constrain the tilted flat and the non-flat ΛCDM inflation models with Planck 2015 CMB and other non-CMB data sets. The Boltzmann code CAMB computes the CMB angular power spectra for temperature fluctuations, polarization, and lensing potential, and COSMOMC applies the Markov chain Monte Carlo (MCMC) method to explore and determine model-parameter space that is favored by the data used. We use the COSMOMC settings adopted in the Planck team's analysis (Planck Collaboration 2016). We set the present CMB temperature to T 0 = 2.7255 K (Fixsen 2009 ) and the effective number of neutrino species to N eff = 3.046. We assume the existence of a single species of massive neutrinos with mass m ν = 0.06 eV. The primordial Helium fraction Y He is set from the Big Bang nucleosynthesis prediction. In the parameter estimation the lensed CMB power spectra for each model are compared with observations. When the Planck lensing data are included in the analysis, we also need to consider the non-linear lensing effect that is important in the lensing potential reconstruction (Planck Collaboration 2014). As needed, we turn on the options for CMB lensing and nonlinear lensing in every case, regardless of whether the Planck lensing data are used or not.
The primordial power spectrum in the spatially-flat tilted ΛCDM inflation model (Lucchin & Matarrese 1985; Ratra 1992 Ratra , 1989 ) is
where k is wavenumber and A s is the amplitude at the pivot scale k 0 = 0.05 Mpc −1 . On the other hand, the primordial power spectrum in the non-flat ΛCDM inflation model (Ratra & Peebles 1995; Ratra 2017) is
which goes over to the n s = 1 spectrum in the spatially-flat limit (K = 0). For scalar perturbations, q = √ k 2 + K is the wavenumber where
2 )Ω k is the spatial curvature. For the spatially-closed model, with negative Ω k , the normal modes are characterized by the positive integers ν = qK −1/2 = 3, 4, 5, · · · . We use P(q) as the initial power spectrum of perturbations for the non-flat model by normalizing its amplitude at the pivot scale k 0 to the value of A s .
Constraining model parameters
We explore the parameter space of the tilted flat-ΛCDM model with six cosmological parameters (Ω b h 2 , Ω c h 2 , θ MC , τ , A s , and n s ) and the non-flat ΛCDM model with six parameters (Ω b h 2 , Ω c h 2 , Ω k , θ MC , τ , and A s ). θ MC is the approximate angular size of the sound horizon (r * /D A ) at redshift z * for which the optical depth equals unity (Planck Collaboration 2014). Unresolved extragalactic foregrounds due to point sources, cosmic infrared background, and thermal and kinetic Sunyaev-Zeldovich components contribute to the temperature power spectrum. Thus the foreground model parameters are also constrained as nuisance parameters by the MCMC method. We also compute three derived parameters, H 0 , Ω m , and σ 8 .
For each model (and set of six parameter values), we compare the lensed CMB power spectra obtained from the CAMB Boltzmann code with the Planck 2015 TT + lowP data and TT + lowP + lensing data, excluding and including the power spectrum of the lensing potential, respectively. For BAO, SNIa, and Hubble parameter data, the prediction determined from the spatially homogeneous background evolution equations solution for each set of model parameters is compared with the observations. 9 For growth rate data, the matter den- The fiducial models assumed in the analyses are listed in the notes.
sity perturbation evolved by the CAMB code is used to compute f σ 8 at the needed redshifts. We set priors for some parameters. The Hubble constant is restricted to the range 20 ≤ H 0 ≤ 100, in units of km s
Mpc −1 . The reionization optical depth is explored only in the range τ > 0.005. The other basic parameters have flat priors that are sufficiently wide such that the final constraints are within the prior ranges. For every model considered here sufficient MCMC chains are generated in order that the Gelman and Rubin R statistics satisfy the condition R − 1 0.01.
OBSERVATIONAL CONSTRAINTS
We constrain the spatially-flat tilted and the non-flat ΛCDM inflation models using the Planck 2015 TT + lowP (excluding and including the CMB lensing) data and other non-CMB data sets.
We first examine how efficient the new BAO data are in constraining parameters, relative to the old BAO data. Figure  1 compares the likelihood distributions of the model parameters for the old ('BAO') and new BAO ('NewBAO') data sets, in conjunction with the CMB observations. The mean and 68.3% confidence limits of model parameters are presented in Table 4 . We see that adding CMB lensing data results in a reduction of ln(10 10 A s ) and τ in both models and that the NewBAO data improve parameter estimation with slightly narrower parameter constraints (more so for the cases when the lensing data are excluded).
The entries in the TT + lowP + BAO and TT + lowP + lensing + BAO columns for the non-flat ΛCDM model in Table 4 agree well with the corresponding entries in Table 2 of Ooba et al. (2017a) . Ooba et al. (2017a) used CLASS (Blas et al. 2011) to compute the C 's and Monte Python (Audren et al. 2013) for the MCMC analyses, so it is gratifying and reassuring that our results agree well with those of Ooba et al. (2017a) .
We investigate the effect of including non-CMB data sets, with the Planck 2015 CMB data, on the parameter constraints of the tilted flat and the non-flat ΛCDM models. The results are presented in Figs. 2-5 and Tables 5-8. In the triangle plots we omit the likelihood contours for TT + lowP (+ lensing) + JLA + NewBAO data (excluding or including the Planck ∆ M . Thus, the number of degrees of freedom for the JLA data is less than the total number of SNIa (N = 740). For example, for the flat-ΛCDM model that fits the matter density parameter Ωm, α JLA , β JLA , M B , and ∆ M , the number of degrees of freedom becomes 735 (= 740 − 5). In our analysis, we assume flat priors for these parameters (0.01 ≤ α JLA ≤ 2 and 0.9 ≤ β JLA ≤ 4.6) during parameter estimation. lensing data) in both the tilted flat and the non-flat ΛCDM models because they are very similar to those for TT + lowP (+ lensing) + NewBAO data.
The entries in the CMB-only TT + lowP column of Table 5 and those in the TT + lowP + lensing column of Table 6 for the tilted flat-ΛCDM model agree well with the corresponding entries in Table 4 of Planck Collaboration (2016) . Similarly, the entries in the TT + lowP column of Table 7 and those in the TT + lowP + lensing column of Table 8 for the non-flat ΛCDM model agree well with the corresponding entries in Table 1 of Ooba et al. (2017a) .
From Tables 5 and 6 we see that, when added to the Planck 2015 CMB anisotropy data, for the tilted flat-ΛCDM model, the NewBAO measurements prove more restrictive than either the H(z), f σ 8 , or SNIa observations. We note however that our NewBAO compilation includes radial BAO H(z) measurements as well as the f σ 8 measurements of Alam et al. (2017) . It is likely that even if these are moved to the H(z) and f σ 8 data sets, BAO constraints will still be the most restrictive, for the tilted flat-ΛCDM model, but probably closely followed by H(z) and f σ 8 constraints, with SNIa being the least effective.
The situation in the non-flat ΛCDM case is more interesting. When CMB lensing data are excluded, Table 7 , adding NewBAO, or JLA SNIa, or H(z), or f σ 8 data to the CMB data results in roughly similarly restrictive constraints on Ω b h 2 , Ω c h 2 , θ MC , τ , ln(10 10 A s ), and σ 8 , while CMB + NewBAO data provide the tightest constraints on Ω k , H 0 , and Ω m . When the CMB lensing data are included, Table 8 , CMB data with either JLA SNIa, or NewBAO, or H(z), or f σ 8 data, provide roughly similarly restrictive constraints on Ω b h 2 , Ω c h 2 , and θ MC , while CMB + NewBAO data provide the tightest constraints on τ , ln(10 10 A s ), Ω k , H 0 , Ω m , and σ 8 . If we focus on CMB TT + lowP + lensing data, Figs. 3 and 5 and Tables 6 and 8, we see that adding only one of the four non-CMB data sets at a time to the CMB measurements (left triangle plots in the two figures) results in four sets of contours that are quite consistent with each other, as well as with the original CMB alone contours, for both the tilted flat-ΛCDM case and for the non-flat ΛCDM model. The same holds true for the tilted flat-ΛCDM model when the CMB lensing data are excluded (left triangle plot of Fig. 2 ). However, in the nonflat ΛCDM case without the lensing data when any of the four non-CMB data sets are added to the CMB data (left triangle plot of Fig. 4) , they each pull the results towards a smaller |Ω k | (closer to the flat model) and slightly larger τ and ln(10 10 A s ) and smaller Ω b h 2 than is favored by the CMB data alone, al- Table 1 . Two-dimensional marginalized likelihood distributions of all possible combinations of model parameters together with one-dimensional likelihoods are shown as solid and dashed black curves for BAO and filled contours and colored curves for NewBAO data. though all five sets of constraint contours are largely mutually consistent. It is reassuring that the four non-CMB data sets do not pull the CMB constraints in significantly different directions.
As noted above, adding the NewBAO data to the CMB data typically makes the biggest difference, but the other three non-CMB data sets also contribute. Focusing on the TT + lowP + lensing data, we see from Table 6 for the tilted flat-ΛCDM case that the NewBAO data tightly constrains model parameters, particularly Ω c h 2 , while the growth rate ( f σ 8 ) data shifts Ω b h 2 and n s to larger values and Ω c h 2 to a smaller value. In this case Ω m is the quantity whose error bar is reduced the most by the full combination of data relative to the CMB and NewBAO compilation, followed by the H 0 error bar reduction. For the non-flat ΛCDM model, from Table 8 , Ω c h 2 and τ error bars from the CMB and NewBAO data are not reduced by including the H(z), f σ 8 , and JLA SNIa measurements in the mix. In all cases, adding JLA SNIa or growth rate ( f σ 8 ) data to the combination of CMB + NewBAO data does not much improve the observational constraints.
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Again concentrating on the TT + lowP + lensing data, Tables 6 and 8, we see that for the tilted flat-ΛCDM model, adding the four non-CMB data sets to the mix most affects Ω c h 2 and Ω m , with both central values moving down about 0.5σ of the CMB data alone error bars. The situation in the non-flat ΛCDM case is a little more dramatic, with Ω k moving closer to flatness by about 1σ, H 0 and Ω m also moving by about 1σ, and the σ 8 , ln(10 10 A s ), and τ central values moving by about 0.5σ.
Perhaps the biggest consequence of including the four non-CMB data sets in the analyses is the significant strengthening of the evidence for non-flatness in the non-flat ΛCDM case, with it increasing from 1.8σ away from flatness for the CMB alone case, to 5.1σ away from flatness for the full data combination in Table 8 , 11 where the NewBAO data plays the most 10 We did not check what happens when just H(z) data is added to the CMB and NewBAO combination but suspect a similar conclusion holds for this case also.
11 It is possible to assume that all one-dimensional likelihoods are close to Gaussian, except for Ω k estimated using the TT + lowP, TT + lowP + H(z), important role among the four non-CMB data sets. This is consistent with, but stronger than, the Ooba et al. (2017a) results. The same situation is also seen when the lensing data are excluded, as shown in Table 7 . We also note that combining CMB data with either JLA SNIa, H(z), or growth rate data do not strongly support non-flatness. When combined with CMB data with lensing, SNIa, H(z), and f σ 8 data result in Ω k being 2.1σ, 1.8σ, and 1.2σ away from flatness, while CMB and NewBAO data favor Ω k being 5.1σ away from flatness (Table 8 ). In the non-flat ΛCDM case, the effect of growth rate data on the model constraints differs from that of the NewBAO data. The results for the non-flat ΛCDM model from TT + lowP + f σ 8 observations excluding (including) the lensing data shows that the growth rate measurements favor Ω k moving closer to spatial flatness with a deviation of only 1.4σ (1.2σ) from zero spatial curvature. Adding f σ 8 data to TT + lowP (+ lensing) + NewBAO measurementsthat favor the closed model by 5.2σ (5.1σ) -gives a negative Ω k deviating from flatness by 5.1σ (5.1σ). Thus the negativeness of the curvature parameter persists for the combination of BAO and growth rate data, which also implies that the BAO data most tightly constrains the curvature parameter compared to the other non-CMB data.
and TT + lowP + f σ 8 data. For the full data combination, H 0 measured in the two models (with lensing data) in Tables 6 and 8, 68 .17 ± 0.50 and 68.07 ± 0.63 km s −1 Mpc −1 , are very consistent with each other, agreeing to within 0.12σ (of the quadrature sum of the two error bars).
12 These values are consistent with the most recent median statistics estimate H 0 = 68 ± 2.8 km s −1 Mpc −1 (Chen & Ratra 2011a) , which is consistent with earlier median statistics estimates (Gott et al. 2001; ). Many recent estimates of H 0 are also quite consistent with these measurements (Calabrese et al. 2012; Hinshaw et al. 2013; Sievers et al. 2013; Aubourg et al. 2015; Planck Collaboration 2016; L'Huillier & Shafieloo 2017; Chen et al. 2017; Luković et al. 2016; Wang et al. 2017; Lin & Ishak 2017; DES Collaboration 2017b; Yu et al. 2018; Haridasu et al. 2018) , but, as is well known, they are lower than the local measurement of H 0 = 73.06 ± 1.74 km s −1 Mpc −1 (Anderson & Riess 2017) .
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In our analyses here, H 0 and σ 8 (discussed below) are the 12 Potential systematic errors, ignored here, have been discussed by Addison et al. (2016) and Planck Collaboration (2017) . 13 This local measurement is 2.7σ (of the quadrature sum of the two error bars) higher than H 0 measured in both models. We note that some other local expansion rate measurements find a slightly lower H 0 with larger error bars (Rigault et al. 2015; Zhang et al. 2017; Dhawan et al. 2018; Fernández Arenas et al. 2018 ).
only cosmological parameters that are determined in a cosmological model (spatial curvature and tilt) independent manner. For instance, Ω m determined using the tilted flat-ΛCDM model differs from that measured in the non-flat ΛCDM model by about 1.9σ (of the quadrature sum of the error bars), however both estimates are consistent with many other determinations (see e.g., .
Like Ω m , measurements of θ MC , Ω b h 2 , ln(10 10 A s ), and τ are more model dependent, differing by 2.1σ, 2.3σ, 2.7σ, and 2.9σ between the two models. The measurements of Ω c h 2 differ by 5.7σ, so the cosmological model dependence of this measurement is much more important than the statistical errors determined by using a given cosmological model. It is important to account for such model dependence when comparing a cosmologically estimated value to that estimated using a different technique. This model dependence can have very striking consequences. For instance, as discussed in Mitra et al. (2017) , the much larger value of τ in the non-flat case significantly alters the cosmological reionization scenario, although we note that using the more extensive non-CMB data compilation here we find a 0.6σ reduction in τ compared to the larger value found in Ooba et al. (2017a) thus somewhat alleviating the potential tension discovered in Mitra et al. (2017) for the higher τ value. From Tables 6 and 8, for the Table 7 Non-flat ΛCDM model parameters constrained with Planck TT + lowP, JLA SNIa, NewBAO, H(z), and f σ 8 data (mean and 68.3% confidence limits). full data compilation including CMB lensing observations, we find in the tilted flat-ΛCDM (non-flat ΛCDM) model 0.02193 ≤ Ω b h 2 ≤ 0.02269 (0.02265 ≤ Ω b h 2 ≤ 0.02345) at 2σ, which are almost disjoint. Clearly it is not possible to robustly measure Ω b h 2 (and some other cosmological parameters) in a model independent way from cosmological data and care must be taken when comparing a value measured in a cosmological model to a value determined using some other technique (see, e.g. Cooke et al. 2018) .
Parameter
For the full data combination, σ 8 's measured in the two models (with CMB lensing data), Tables 6 and 8, −0.041 . The likelihood distribution in the Ω m -σ 8 plane obtained by adding each non-CMB data set to the Planck CMB data are consistent with each other. As expected, the NewBAO data or the NewBAO data combined with other non-CMB data sets give tighter constraints in all cases. As shown in Figs. 6 and 7, there is tension between both ΛCDM models constrained by Planck TT + lowP data (dotted and dashed curves in the top panels) and the DES constraints. This tension disappears when the CMB lensing data are included (bottom panels).
Although our σ 8 constraints from the flat and non-flat models (excluding and including CMB lensing data) are similar to the DES Y1 All result, our Ω m constraints favor a larger value by over 1σ for the flat-ΛCDM model. Including the CMB lensing data reduces the tension to 1.2σ. We note that the best-fit point for the non-flat ΛCDM model constrained by the Planck CMB data (including lensing) combined with all non-CMB data enters well into the 1σ region of the DES Y1 All constraint contour (Fig. 7 lower right panel) , unlike the case for the tilted flat-ΛCDM model (Fig. 6 lower right  panel) . Table 9 lists the individual and total χ 2 values for the bestfit tilted flat and non-flat ΛCDM models. The best-fit position in the parameter space is found with the COSMOMC built-in routine that obtains the minimum χ 2 by using Powell's minimization method. This method searches for the local minimum by differentiating the likelihood distribution and is ef- 14 We present the individual contribution of each data set used to constrain the model parameters. The total χ 2 is the sum of those from the high-CMB TT likelihood (χ Since the number of degrees of freedom of the Planck CMB data is not available and the absolute value of χ 2 is arbitrary, only the difference of χ 2 of one model relative to the other is meaningful for the Planck CMB data. In Table 9 , for the non-flat ΛCDM model, we list ∆χ 2 , the excess χ 2 over the value of the tilted flat-ΛCDM model constrained with the same combination of data sets. For the non-CMB data sets, the numbers of degrees of freedom are 735, 15, 31, 10 for JLA SNIa, NewBAO, H(z), f σ 8 data sets, respectively, for a total of 791 degrees of freedom. The reduced χ 2 's for the individual non-CMB data sets 14 Our minimum χ 2 values are very similar to those supplied by the Planck team. For the tilted flat-ΛCDM model constrained with TT + lowP data, the Planck team provides χ 2 estimated from Powell's minimization method: χ 2 Plik = 763.37, χ 2 lowTEB = 10496.47, χ 2 prior = 2.08, with total χ 2 = 11261.9.
are χ 2 /ν 1. There are 189 points in the TT + lowP Planck 2015 data (binned angular power spectrum) and 197 when the CMB lensing observations are included.
Let us first focus on how the model fits the individual data sets. Compared to the tilted flat-ΛCDM model, the non-flat ΛCDM model constrained with the Planck CMB data alone (excluding and including CMB lensing data) does worse at fitting the Planck high-C 's while it fits the low-ones a bit better. Inclusion of the non-CMB data with the CMB data also results in the best-fit non-flat model providing a poorer fit to the high-TT measurements and the low-TEB data, both with and without the lensing data, compared to the tilted flat-ΛCDM case. One exception is the case of adding JLA SNIa data to TT + lowP + lensing data, which improves the non-flat model fit to the Planck low-TEB data. There is a tendency for the non-flat models to more poorly fit the NewBAO and H(z) data (with larger values of χ 2 NewBAO and χ 2 H(z) ) than the flat models do, while the opposite is true for the case of the growth rate ( f σ 8 ) measurements.
Comparing results for the TT + lowP + lensing analyses, ∆χ 2 = 21 for the full data compilation, for the non-flat ΛCDM case relative to the flat-ΛCDM model (last column in the last row of Table 9 ). Unfortunately it is unclear how to turn this into a quantitative relative probability as the two six param- eter models are not nested (and the number of degrees of freedom of the Planck CMB anisotropy data is not available).
Rather the best-fit versions of each six parameter model provide distinct local likelihood maxima in a larger seven parameter model space. 15 However, it is clear that the non-flat ΛCDM model does not do as good a job in fitting the higher-C 's as it does in fitting the lower-ones. In this context it might be relevant to note that there has been some discussion about systematic differences between constraints derived using the higher-and the lower-Planck 2015 CMB data (Addison et al. 2016; Planck Collaboration 2017) . Figures 8 and 9 show the CMB high-TT, and the low-TT, TE, EE power spectra of the best-fit tilted flat and non-flat ΛCDM models, excluding and including the lensing data, respectively. The non-flat ΛCDM model constrained by adding each non-CMB data set to the Planck 2015 CMB anisotropy observations generally gives a poorer fit to the low-l EE power spectrum while it better fits the low-TT power spectrum (see the bottom left panel of Figs. 8 and 9 ). The shape of the bestfit C power spectra of various models relative to the Planck CMB data points are consistent with the χ 2 values listed in Table 9 . Figure 10 shows the best-fit initial power spectra of scalar- 15 The energy density inhomogeneity power spectrum for this seven parameter tilted non-flat ΛCDM model is not known. type fractional energy density perturbations for the non-flat ΛCDM model constrained by the Planck TT + lowP (left) and TT + lowP + lensing (right panel) data together with other non-CMB data sets. The reduction in power at low q in the best-fit closed-ΛCDM inflation model power spectra shown in Fig. 10 is partially responsible for the low-TT power reduction of the best-fit closed model C 's (shown in the lower panels of Figs. 8 and 9 ) relative to the best-fit tilted flat model C 's. Other effects, including the usual and integrated SachsWolfe effects, also play a role in affecting the shape of the low-C 's. For a detailed discussion of how the interplay among these effects influences the low-shape of the C 's in the open inflation case see Górski et al. (1998) .
CONCLUSION
We use the tilted flat-ΛCDM and the non-flat ΛCDM inflation models to measure cosmological parameters from a carefully gathered compilation of observational data, the largest such collection utilized to date.
Our main results, in summary, are:
• Using a consistent power spectrum for energy density inhomogeneities in the non-flat model, we confirm, with greater significance, the Ooba et al. (2017a) measurements) favor a closed Universe at more than 5σ significance, with spatial curvature contributing about a percent to the current cosmological energy budget.
• The best-fit non-flat ΛCDM model provides a better fit to the low-temperature anisotropy C 's and better agrees with the σ 8 -Ω m DES constraints, but does worse than the best-fit tilted flat-ΛCDM model in fitting the higher-temperature anisotropy C 's.
• H 0 measured in both models are almost identical, and consistent with most other measurements of H 0 . However, as is well known, an estimate of the local expansion rate (Anderson & Riess 2017 ) is 2.7σ larger.
• σ 8 measured in both models are identical and consistent with the recent DES measurement (DES Collaboration 2017a).
• The measured Ω m is more model dependent than the measured σ 8 and the Ω m value measured using the nonflat ΛCDM model is more consistent with the recent DES measurement (DES Collaboration 2017a).
• Ω b h 2 , τ , Ω c h 2 , and some of the other measured cosmological parameter values are quite model dependent. For such parameters, caution is called for when comparing a value measured in a cosmological model to a value determined using another technique.
Overall, the tilted flat-ΛCDM model has a somewhat lower χ 2 than the non-flat ΛCDM case and so is more favored. However it is unclear how to translate this into a quantitative relative probability. On the other hand, the non-flat ΛCDM model has other advantages. It is possible that a more complete understanding of systematic differences between constraints derived using the lower-and higher-CMB anisotropy data might have some bearing on these issues. Note: ∆χ 2 of a non-flat ΛCDM model estimated for a combination of data sets represents the excess value relative to χ 2 of the tilted flat model for the same combination of data sets.
